Régie autonome des transports parisiens (RATP) (released month year) This paper investigates the effects of the track geometry irregularities on the wheel-rail dynamic interactions and the rail fatigue initiation through the application of the Dang Van criterion, that supposes an elastic shakedown of the structure. The irregularities are modelled, using experimental data, as a stochastic field which is representative of the considered railway network. The tracks thus generated are introduced as the input of a railway dynamics software to characterize the stochastic contact patch and the parameters on which it depends: contact forces and wheelset-rail relative position. A variance-based global sensitivity analysis is performed on quantities of interest representative of the dynamic behaviour of the system, with respect to the stochastic geometry irregularities and for different curve radius classes and operating conditions. The estimation of the internal stresses and the fatigue index being more time-consuming than the dynamical simulations, the sensitivity analysis is performed through a metamodel, whose input parameters are the wheel-rail relative position and velocity. The coefficient of variation of the number of fatigue cycles, when the simulations are performed with random geometry irregularities, varies between 0.13 and 0.28. In a large radius curve, the most influent irregularity is the horizontal curvature, while, in a tight curve, the gauge becomes more important.
Introduction
The knowledge of the dynamic behaviour of a train is very important to ensure safety and economical operability of railway networks [1] . Indeed, the variability of the wheel-rail dynamical interactions (position and stresses of the contact patch) can lead to several harmful phenomena, such as derailment, track deterioration, rail fatigue and corrugation. These interactions depend on both train and track parameters.
Concerning the vehicle parameters, the suspensions characteristics deeply modify the body stability. The primary suspension stiffness of the rear wheelsets is the parameter to which the critical speed is most sensitive, as shown trough a sensitivity analysis in [2] , while the secondary suspension has a large influence on the lateral forces absorbed by the track [3] . The influence of the inertial properties of the vehicle on the wheel-rail contact dynamics has also been evaluated, finding that the mass and the vertical moment of inertia are the most sensitive parameters with respect to the contact forces [4] .
The track conditions also play an important role in railway dynamics. The effect of the sleepers and the ballast conditions on the wheel-rail contact is studied, showing that a reduction of the sleepers spacing and the ballast stiffness causes a reduction of the contact forces magnitude [5] . The rail cant angle is also an important parameter: its variation can lead to increase the risk of derailment due to an augmentation of the lateral track force [6] .
Concerning the rail positions, a lot of studies about the track geometry irregularities have been carried out. The layout of a railway network is decided when a line is built according to engineering considerations. However the track evolves during its operational life for many causes, such as train loads, weather conditions, substructure variations and maintenance interventions. For this reasons, the geometry of the track needs to be constantly monitored using recording systems [7] [8] [9] [10] . Even a small variation of the track geometry can produce large variations of the rail-wheel contact patches and forces, as experimentally described in [11] . A long-term evolution of the train dynamics is also observed when the track geometry deteriorates over time, as studied in [12] through a probabilistic approach. The variations of the contact forces acting on the rails, caused by track geometry irregularities, impact the dynamical response of the train, showing that the power spectra of the forces and the accelerations are strongly related to the track geometry [13] [14] [15] [16] [17] [18] . The wheel-rail contact forces also determine the rolling contact fatigue mechanisms. The track geometry irregularities can produce contact forces variations leading to rail fatigue. For instance the track lateral irregularities can be responsible for the initiation of the surface fatigue as shown in [19, 20] . It is also numerically and experimentally observed that the squat phenomena can be related to a particular combination of irregularities [21] . The geometry irregularities are usually modelled as random fields indexed by the track curvilinear abscissa [22] [23] [24] . By the means of the measurements, it is possible to estimate the statistical properties (probability density functions and the power spectral densities, PSD) of the track geometry and generate the irregularities as random fields. In many railway applications the irregularities are generated from the PSD as Gaussian fields [20, 22, 23, [25] [26] [27] ] using a spectral representation [28] . In [24, 29] , they are modelled by combining the Karhunen-Love decomposition and the Polynomial Chaos expansion. The main objective of this paper is to quantify the influence of each kind of geometrical track irregularities (gauge, superelevation, horizontal alignment and vertical profile) on the rolling contact fatigue and the wheel-rail dynamic interactions. In this paper a global variance-based sensitivity analysis approach, is carried out to have an estimation of the impact of geometry irregularities for different operation scenarios. Differently from a local sensitivity analysis, which is based on the computation of the gradient of the response with respect to its parameters around a nominal value, the global sensitivity analysis quantifies the output uncertainty due to the uncertainty in the input parameters by means of indices defined in the whole input random space [30] [31] [32] [33] .
Using data from a track recording train, a model is constructed for the RATP Regional Express Network (RER) line A [29] . The main steps to build the random irregularities generator are summarized in Section 2. The numerical computation of the wheel-rail contact stresses and the fatigue index is described in Section 3. The measurements of the geometry irregularities can be directly used as input for deterministic numerical computations to simulate the passage of the train on a real track portion [34] [35] [36] . In this work, the random generated tracks are used in a railway dynamics software, SIMPACK, using a semi-Hertzian contact model [37] , to study the variability of the dynamic response. A variance-based sensitivity analysis [31] is performed to quantify the impact of each irregularity on the variability of some dynamical quantities of interest in a track portion (Section 4). This study is performed for different operational conditions (train load and velocity) and track curve radius classes.
When the rail is subjected to high surface contact stresses overtaking the steel plastic limit, corresponding to a wheel passage, its micro-structure and geometry evolve at each load cycle [38, 39] . The rail response consists in adapting to these surface stresses by means of its elastic and plastic deformations. When the load increases above the elastic limit, the contact stresses exceed yield and the material deforms plastically [40] [41] [42] .
Using the surface stresses calculated in the previous step as boundary condition, a finite element calculation allows to compute the stresses inside the rail in a fixed location of the spatial domain. Using the algorithm proposed in [43] , the stresses corresponding to the steady state (i.e. when the plastic strain field is stabilized) are obtained. Finally, the Dang Van multi-axial fatigue criterion [44] , chosen as quantity of interest, is applied on them. This criterion is based on the assumption of elastic shakedown of the structure, that occurs for relative low friction coefficient and surface stresses [45] . This criterion does not take into account the interaction and the competition between the wear rate and the fatigue initiation, that is usually evaluated using the wear number parameter [46, 47] or the distribution of plastic shear strain [48] . The rail fatigue represents a major issue on the modern railway network. Recent researches have been carried out to evaluate the influence of the composition and heat treatment [49] , the internal defects shape [50] , the surface stress gradient [51] , the relationship with the grinding maintenance operations [52] and the heterogeneity in the materials [53] . In this work, the purpose is to understand the influence of the geometrical irregularities of the track (Section 5).
The computation of the internal stresses is far more time consuming (about 1000 times more) than the dynamical simulations. For this reason, at this stage, a metamodel is constructed, whose inputs are the wheel-rail relative position and velocity. The metamodel is constructed with a smaller number of deterministic solver runs and allows the exploration of the input random space making the Monte Carlo almost inexpensive.
Track irregularities random model
The available data from the measurement campaigns, concerning the RER line A, are processed in order to obtain realizations of the fields indexed by the curvilinear abscissa, s, which are commonly used to represent the track geometry:
• Gauge, G(s), the spacing of the rails measured between the inner faces • Superelevation, E(s), the difference in height between the two rails • Horizontal curvature, H(s), referred to the track median line • Vertical curvature, V (s), referred to the track median line
The irregularities are defined as the differences between the measurements and the corresponding design (or theoretical) known values. The irregularities fields thus defined are centred and decorrelated from the horizontal layout of the track. The construction and the validation of the random model is described in [29] . The main steps are here reported.
Let (Θ, F, P ) be a probability space. Using the Karhunen-Loève expansion (KLE, [54] ), a random field f (s, θ) (that could correspond to any irregularities), with θ ∈ Θ, is approximated by its projection on an orthogonal basis. Therefore it is expressed as a truncated sum of M deterministic spatial functions Φ i (s) multiplied by random decorrelated coef- ficients η i (θ) whose variance is equal to one:
where Φ i (s) and λ i are the eigenfunctions and the eigenvalues of the covariance function. Then, the multivariate probability density functions of the random coefficients (η i ) of the basis are modelled using the Polynomial Chaos Expansion (PCE, [55] ). This consists in expressing the random variables in a sum of deterministic coefficients β ij multiplied by a basis of polynomial functions Ψ j of multivariate germs ξ whose the distribution is chosen:
The germs distribution determines the polynomial family used as basis, which is orthogonal with respect to the germs distribution. In this work Gaussian germs and so Hermite polynomials are employed. Finally, by generating ν germs ξ it is possible to obtain ν independent realisations of the generated field f gen (s) by combining KLE and PCE:
The number of parameters in the model, for a given KLE truncation error, is shown in Table 1 . Some measured and generated realizations of the fields are shown in Fig. 1 . The model is representative of the considered railway line: the spatial dependency and the probability density functions are captured. The matching between the measured and the generated tracks and the model validation through dynamical simulations are described in [29] .
Numerical computation of the fatigue criterion
In this section the main steps leading to the estimation of the fatigue criterion are highlighted. The uncertainties are not considered at this stage.
The numerical computation of the rail fatigue criterion is decomposed into three calculations steps. The first one corresponds to the simulation of the passage of a train on a track affected by geometrical irregularities. Then the stresses on the surface of the rail are used as boundary condition for a finite element computation of the rail internal stresses. At the end a multi-axial fatigue criterion is applied on these stresses.
Dynamical computation of the rail-wheel contact stresses
The vehicle used in the simulations is the ZRBX passenger car of the MI2N train operating on the RER line A. The passage of the vehicle on a track portion is simulated by using a railway dynamics software (SIMPACK ). The vehicle is modelled as a rigid multi-bodies system representing the passenger coach, two bogies and four wheelsets. The bodies are connected by linkages representing the articulations and the suspensions, whose some features are nonlinear.
To characterize the contact patch in a point of the track, an advanced semi-Hertzian contact model [37] is used in the simulations. In this model the rail profile is discretized in strips along the lateral direction. Then, in each strip, the contact problem is solved as Hertzian. In order to take into account the rail plasticity, the contact stresses are limited and the shape of the contact zone is slightly modified [56] .
Let D be the rail structure domain and S be the rail surface domain (S ⊂ D), as sketched in Fig. 2 . The wheel-rail contact forces and stress tensor Σ S (x, s), with x = [x 1 , x 2 , x 3 ] ∈ S, are computed at each time integration step (that corresponds to a track curvilinear abscissa s ∈ [0, S] with S being the length of the track) of the nonlinear system obtained by assembling the vehicle multi-bodies model and the track. Using the formulation described above, the contact stresses entirely depend on the wheel-rail relative position and velocity in each strip. Since the rail profile and the friction coefficient are constant and the wheel is perfect solid of revolution (no wheel defects are considered), the wheel rotational angle and the track curvilinear abscissa are not involved in this computation. At this stage, the rails and the wheelset are considered as rigid bodies. The parameters, expressed in the rail reference frame, on which the computation of the contact stresses depends, are listed below and shown in with s being the track curvilinear abscissa. These parameters and the wheel-rail surface contact stresses are the outputs of this stage. 
Rail internal stresses computation
The surface wheel-rail contact stresses Σ S (x, s i ), computed at a given track curvilinear abscissa s i ∈ [0, s], are used as boundary condition of a Finite Element computation of the internal rail stresses, acting on the domain D (Fig. 2) , resulting from the passage of the wheel [44] .
Two main hypotheses are made:
• The surface contact stress field Σ S (x, s i ) is stationary and is moving on the rail at constant velocity. A load cycle corresponds to a passage of this stress field on the rail.
• The rail is infinitely long along the longitudinal direction x 1 .
These hypotheses imply that each rail transversal section, A ⊂ D, is subjected to the same load cycle and the time variable and the longitudinal spatial coordinate x 1 are equivalent [44] . For simplicity the longitudinal coordinate is replaced by the time t:
with x a = [x 2 , x 3 ] ∈ A and t = x 1 . The rail material plasticity behaviour is considered by using a bilinear stress-strain law (Fig. 4) . At each passage of the load, the plastic strain tensor varies. After a different number of passages a steady state during repeated rolling-sliding is reached. This steady state corresponds to the condition according to which the plastic deformation does not change after another passage: where p (x a , t, s i ) is the plastic strain tensor, x ∈ A. The internal stresses in the rail transversal section corresponding to the steady state, Σ(x a , t, s i ), are therefore used for the computation of the fatigue criterion.
Dang Van fatigue criterion
The steady state stress cycle in the rail section Σ(x a , t, s i ), computed in Section 3.2, is used for the application of the Dang Van fatigue criterion [43] . This is a multi-axial fatigue criterion based on the passage from the macroscopic to the mesoscopic scale. When the material is isotropic, the mesoscopic stress tensor σ(x a , t, s i ) is calculated as:
where Σ(x a , t, s i ) is the macroscopic stress tensor and ρ(x a , s i ) is the centre of the smallest hypersphere circumscribed to the macroscopic stress deviator, s(x a , t, s i ), temporal cycle, as sketched in Fig. 5 in two dimensions. Then the maximal shear stress is calculated as:
where σ 1 (x a , t) and σ 3 (x a , t) are respectively the highest and the lowest principal mesoscopic stresses. Finally the fatigue index I(x a , s i ) is defined as:
where a and b are material constants (coming from the torsion and traction fatigue tests) and h(x a , t, s i ) is the mesoscopic hydrostatic pressure:
The fatigue index represents the maximal value among all the intercepts b * of the lines passing through the load cycle and the zero of the Dang Van line (τ +ah = b), normalized by the constant b, as sketched in Fig. 6 . If the index is larger than 1, the structure is subject to fatigue. The largest the index is, the fewer load cycles the structure can be subjected to.
Hydrostatic pressure, h The Dang Van fatigue criterion supposes the elastic shakedown of the structure, i.e. after a number of load cycles no more plastic deformations occur. In a railway context, this situation is not always reached. When the plastic shakedown occurs (plastic deformation steady cycles), this regime leads to surface shelling which concerns low cycles fatigue. A shakedown map, established in [45] and illustrated in Figure 7 , defines different shakedown regions, according to the friction coefficient and the wheel load parameter (ratio between the maximal stress pressure and the yield shear stress), corresponding to elastic and plastic shakedown. In this work the considered shakedown is elastic. Indeed, the friction coefficient is chosen to be equal to 0.3. The wheel load parameter depends on the contact surface stresses, that, by the contact model employed in this work are limited to take into account the elastic limit [56] . Taking a shear yield stress of around 450 MPa, the load parameter rarely exceeds the value of 2.5. Therefore, the frame of this work concerns the elastic shakedown of the structure.
The Dang Van criterion is based on the LinTaylor homogenization assumption [57] in order to relate mesoscopic and macroscopic mechanical stress fields (Eqn. 6), by considering a plastic inclusion in an elastic matrix to express the macroscopic stress at the grain scale. In some situations, the rail microstructure plastic deformation plays an important role on the fatigue initiation [58] . In these cases the Dang Van criterion application does not match the observations. Some adaptation of the Dang Van criterion have been proposed in the literature by calibrating the criterion with respect to fatigue tests [59] and by considering a model of the plasticity for the grains [60] . However, in the case of high surface tangential stresses, surface plastic flow can be severe, making the wear phenomena predominant on the fatigue. A method developed in [46] combines the wear number (which is the product of the tangential forces and the local creepages), a quantity representative of the wear rate, in the contact patch with a non-linear damage function to estimate a fatigue index. The effects of the wear on the rail surface and the plasticity at the microstructural scale are not considered in this work. The Dang Van criterion will be chosen as quantity of interest for the sensitivity analysis.
The Dang Van index can be related to the number of life cycles [61] by means of the material Wöhler curve (Fig. 8 ) that links the number of cycles to an equivalent alternating twist stress amplitude σ a which is related to the fatigue index:
In this paper, a parametrization of the Wöhler curve is chosen to express the number life cycles at a given position on the track C(s i ) as:
with c being a material constant. 
No. of cycles [-]

Sensitivity analysis on the vehicle dynamics
In this section the track geometry irregularities are considered as random fields in order to perform a sensitivity analysis on quantities of interest related to the train dynamics.
Dynamical computation of the rail-wheel contact forces and kinematic parameters
The tracks randomly generated are introduced as inputs the railway dynamics software used to compute the rail-wheel contact stresses. Only the track geometry, described in Section 2, is stochastic. The rail profile (UIC60) is considered as theoretical (the wear is not included) and the friction coefficient varies neither along the rail profile nor along the curvilinear abscissa of the track. All the vehicle parameters are deterministic (manufacturer data).
Since the dynamical simulations are not heavily time-consuming (around 1 minute for a simulation of a 100 m track portion), the random space, i.e. the germs ξ(θ) in Equation (3), is explored through Monte Carlo sampling (MCS), in which each simulation corresponds to a generated track geometry. Let u = u(s, θ) be the multi-dimensional random fields representing the evolution of the kinematic parameters, listed in Section 3.1. When all the input parameters of the dynamical simulations are stationary in the space, the field u is stationary, i.e. its statistics are invariants by translation:
where p θ (u (s 1 , θ) , . . . , u(s n , θ)) is the marginal probability density function of order n of the random field u(s, θ) . The stationarity implies that the Sobol sensitivity indices related to the quantities of interest do not depend on the position on the track.
Vehicle dynamics quantities of interest
Some quantities of interest (QoI) are chosen as representative of the dynamic wheel-rail interaction:
• y. Leading wheel-rail lateral relative position (outer rail if curved track).
• z. Leading wheel-rail vertical relative position (outer rail if curved track).
• ψ W S . Yaw angle of the leading wheelset.
• Y . Leading wheel-rail lateral force (outer rail if curved track).
• Q. Leading wheel-rail vertical force (outer rail if curved track).
• Y . Sum of the lateral contact forces on the leading bogie.
At this stage the first order sensitivity indices are calculated via Monte Carlo sampling using the technique proposed in [32] . Their convergence has been validated by bootstrapping [62] .
In most of the dynamical simulations, the outputs are usually filtered according to the norm EN14363 [63] . The dynamical outputs, in this work, are not filtered according to this norm, which indicates a low-pass filter at 20 Hz for the contact forces. In the spatial frequency domain, this cut-off frequency corresponds, for the velocities of 120 km/h and 80 km/h, to 0.6 m −1 and 0.9 m −1 respectively. The Nyquist frequency of inputs random irregularities fields is 2 m −1 . This frequency has been chosen for the dynamical outputs. However, the spectral power at the frequencies higher than 1 m −1 (the PSDs of random fields are shown in [29] represents less than 0.1 % of the total variance of the fields. Their influence on the global sensitivity indices of the dynamical quantities is weak. The indices do not vary significantly if the filters indicated in the norm EN14363 are applied.
Global sensitivity indices
A variance-based global sensitivity analysis [31, 64] is performed, with respect to the stochastic geometry irregularities on a track portion. The aim is to identify which kinds of irregularities have the most important impact on the contact patch variations. The Sobol sensitivity analysis allows to evaluate the main impact of each input parameter and the interactions between the inputs which produce important variations on the quantities of interest.
The indices are based on the decomposition of the variance V of the quantity of interest Q:
where Z = [z 1 , . . . , z d ] is the input random vector of dimension d, Z ∼ij...k indicates all the components of Z but i, j, . . . , k and Q | z i , z j , . . . , z k represents the quantity of interest Q conditioned to z i , z j , . . . , z k .
The Sobol index of the quantity Q, concerning the random variables z i , z j , . . . , z k , is defined as:
The index order is the number of inputs with whom the index is associated. In this work, the random vector Z in Eqn. (13) is the vector collecting the germs ξ, in Eqn. (3), related to all the irregularities fields. Note that, as indicated in Table 1 , each field is generated by 4 germs. This means that when a sensitivity index is defined with respect to one irregularity field, it is related to the 4 germs that generate it.
Results
The sensitivity analysis is performed for different operating scenarios, that are listed in Table 2 . These are typical scenarios on the considered railway network for which the random model of the irregularities has been constructed. A passenger load equal to 22 t corresponds to around 6 passengers per m 2 . The mean value, the coefficient of variation (ratio of the standard deviation to the mean) and the 1st order sensitivity indices are shown for each quantity of interest. For the leading wheelsets, since the wheel is guided by the rail (the contact is localized on the wheel flange), the variation of its lateral position is very small (standard deviation smaller than 1 mm), as observed in Table. 3. Although the position of the leading wheel is very stable in a curve, a small variation of the lateral position can lead to large variations of the contact forces. Indeed, because of the contact model described in Section 3.1, the contact forces and stresses entirely depend on the rail-wheel relative position and velocity. Even, when the standard deviation of the lateral position is smaller than 0.1 mm, this parameter is strongly correlated (around 0.9) with the contact lateral force. When the curve radius is the larger one, the wheel-rail relative position y of the outer rail is mostly sensitive to the horizontal curvature and gauge irregularities (63 % and 33 % for case A). In a tight curve, the standard deviation decreases (the contact position is more stable) and the importance of the gauge increases. When the velocity increases (this implies a larger cant deficiency), the index related to the gauge decreases in the 1000 m curve while increases in the 450 m curve.
Wheel-rail vertical position -z
The wheel-rail vertical position is sensitive to the superelevation irregularities in all the cases (Table 4 ). The variability of this parameter is small: the coefficient of variation varies between 0.05 and 0.08. Note that this quantity, in a curved track, is correlated to the wheel-rail lateral position. In fact, when the wheel moves towards the rail, it tends to rise on the rail. Because of this correlation, this parameter is also sensitive to the Concerning the yaw angle, which is not null for the leading wheelsets, the variations are mostly influenced by the horizontal curvature followed by the gauge in each case as shown in Table 5 . The mean value is higher in the tighter curve and when the vehicle runs at the smallest velocity while the coefficient of variation tends to be larger in a wide curve.
Wheelset yaw angle -ψ W S
Leading outer rail lateral force -Y
The lateral effort on the outer rail Y is strongly correlated to the lateral position y in a curved track. The most sensitive irregularities are still the horizontal curvature (1000 Table 6 . The increases of the train velocity and weight and especially the decrease of the curve radius lead to an increase of the mean value. The most influent parameter on the vertical force Q is the superelevation irregularity as shown in Table 7 . Its standard deviation is about 3% of the mean value in all the test scenarios. The projection of the weight force on the axis of Q is very sensitive to the superelevation variations. In fact, because of the vertical equilibrium, an increase of the track inclination (and so the superelevation) induces an increase of the force on the outer wheel and a decrease on the inner wheel. The other geometry irregularities are less important but not negligible. Note that when the train velocity increases (and so the cant deficiency), the index related to the superelevation decreases. The repartition of the sensitivity indices, shown in Table 7 , concerning the sum of the lateral forces on the leading bogie is more equilibrated between the horizontal curvature and the gauge irregularities. Note that, for the cases when the train runs at 80 km/h, the cant deficiency is much smaller than the other test cases. This is why the mean value is almost equal to zero in these cases: the centrifugal force on the bogie is equilibrated by the weight.
Leading outer rail vertical force -Q
Leading Bogie lateral force -Y
Threshold exceedance on the lateral force
In this section, the chosen quantity of interest is the overrun of a thresholdȳ on the lateral forces Y . The threshold is the 10% percentile of each test cases. The quantity of interest is equal to 1 whenever the threshold is overrun, 0 elsewhere. The thresholds and the associated sensitivity indices are shown in Table 9 .
The track gauge is always is most sensitive parameter, even in the case of the wide curve (where the horizontal curvature is the most sensitive parameter for the force Y ). A large gauge defect can lead to large values of the lateral force. However, the importance of the horizontal curvature increases in the wide curve and is also coupled with the gauge (2nd order index).
Sensitivity analysis on the rail fatigue
The computation of the rail internal steady state stress cycle, described in Section 3.2, is the most expensive stage. A simulation lasts from 30 to 80 minutes, making the Monte Carlo sampling not advisable for exploring the random space. For this reason the computation of the internal load cycle and the application of the Dang Van fatigue index on them (Section 3.3) is replaced by a metamodel. After its construction the metamodel allows the exploration of the random space with little computational effort. In the next section the polynomial chaos based metamodel of the fatigue index is presented. Note that in Section 2 the PCE is used for modelling a random space (geometry irregularities).
Here it is used for propagating uncertainties through metamodelling. The quantity of interest at this stage is the random fatigue index defined in Eqn. (8) in the spatial domain: I(x a , s, θ).
Input random space of the metamodel
Since the mechanical properties and the structure geometry of the rail are considered as deterministic, the load cycle in the rail (and so the fatigue index) only depends on the boundary condition, i.e. the surface wheel-rail contact stresses. In the contact model described in Section 3.1, this surface contact stresses field is entirely determined by the kinematic parameters listed in Section 3.1 and grouped in the stationary random field u(s, θ) introduced in Section 4.1. Therefore the field u(s, θ) constitutes the input random space of the metamodel. The statistics of this random field have been estimated by Monte Carlo sampling, in which each simulation corresponds to a generated track irregularities field.
The PCE metamodel of the fatigue index is equal to:
Polynomial Chaos Expansion basis
The PCE basis has to be orthogonal with respect to the random space [65] :
where δ kl indicates the Kronecker delta. Because of the stationarity of u(s, θ), Eqn. (12), the orthogonality condition does not depend on the curvilinear abscissa s:
As proposed in [66] , the PCE basis, orthogonal with respect to an arbitrary multidimensional random space, can be constructed by Gram-Schmidt orthogonalization method:
where 2 ≤ k ≤ T , < •, • > denotes the inner product of Eqn. (16) and
with P and D being the maximal polynomial degree and the dimension of the random field u(s, θ).
Polynomial Chaos Expansion coefficients
The PCE coefficients {α k } in Eqn. (15) are computed by least-square regression [67] . These approach minimizes the mean squared error between the prediction and the solution. Let {u(s 1 , θ 1 ), . . . , u(s R , θ R )} be the set collecting R regression points. This set is obtained by Monte Carlo sampling R realizations of the field u(s, θ) at curvilinear abscissa s randomly chosen in the interval [0, S]. Because of the stationarity of u(s, θ), the choice of s is completely arbitrary.
Let ζ denote the matrix whose the coefficients are given by ζ ij = ζ j (u(s i , θ i )) with i = 1, . . . , R and j = 0, . . . , T . Let I the vector containing the fatigue indices, defined in Eqn. (8) , computed in the regression points: I k = I(x a , s k , θ k ) with k = 1, . . . , R. The PCE coefficients are calculated as:
where A is a vector such that A k = α k (x a ). Note that, with this strategy, the Monte Carlo simulations are not avoided since R computations of the fatigue index are still needed to obtain the vector I. However the number of Monte Carlo simulations that would have needed for a direct estimation of the statistics of the fatigue index would have been much more larger than the number of regression points R used for the estimation of the PCE coefficients. As described in [68] , the use of a sparse PCE is more efficient than a complete basis PCE. The idea of the sparse PCE it to use only some polynomial functions instead of the complete basis. In this paper the PCE coefficients are firstly computed with a complete basis as described below. The 0-degree polynomial term is always selected in the sparse basis because it determines the mean value of the quantity of interest. Then, the PCE coefficients α k (x a ), with k > 1, are sorted according to the descending order of their squared value. Let α k (x a ) be the sorted PCE coefficients. The sparse PCE basis is obtained by selecting the 0-degree polynomial term and T (x a ) more terms such that T (x a ) is the minimal number satisfying the following condition:
where ε s is a tolerance. Then the PCE coefficients are recomputed, as in Eqn. (20), by taking only the T (x a ) terms satisfying the sparsity criterion and the 0-degree polynomial term. Let α k (x a ) and K(x a ) indicate respectively the recomputed coefficients and the sparse indices set. The metamodel error is evaluated by Leave-One-Out (LOO) cross-validation. Supposing that the metamodel would have been constructed with all the regression points but the i-th one, the difference between the deterministic solution and the metamodel prediction in the i-th point can be calculated. Repeating this step in all the R regression points, the squared mean of these differences is the LOO error. As shown in [69] , the relative LOO error, ε l (x a ), can be analytically calculated as:
where l i are the diagonal terms of the matrix ζ( ζ ζ T ) −1 ζ T with ζ being the matrix constituted by the columns of ζ corresponding to the sparse indices set K(x a ).
Results
The metamodel is independently constructed for each scenario in Table 2 because the random input space varies from a case to another. The first order marginal and the joint PDFs of two components (y and ψ) of the random field u, defined in Section 4.1, concerning the operating scenarios in Table 2 are shown in Fig. 9 . It can be observed as the random space statistics vary from one case to another meaning that the simulations used to construct the metamodel related to one case cannot be employed for another metamodel.
Rail fatigue index
By choosing a maximal polynomial degree equal to 3, a complete PCE basis for a 10-dimensional random space is composed by 286 terms. After the reduction only a few terms are retained in the metamodel. The number of terms T (x a ), in Eqn. (21) between 6 and 44.
The mean value and the coefficient of variation, on the track curvilinear abscissa s, of the fatigue index random field I(x a , s, θ), whose realisations are obtained by propagating the uncertainties using the metamodel of Eqn. (15) , are shown in Fig. 10 and Fig. 11 for the two most different test cases. All the other operating scenarios are situated between these two cases. The highest values of the fatigue index are related to the contact patch on the wheel flange, that corresponds to the largest values of normal and tangential surface stresses. This is the region that mostly interests the rail fatigue. The fatigue index takes high values only in the rail section regions close to the contact patch. The maximal value of the index on the rail section is the most important quantity which would represent the first crack starting propagating. The PDFs of the maximal fatigue index are shown in Fig. 12 and its mean value and coefficient of variation are shown in Table 10 . Note that this quantity is always larger than 1. The pdf shifts towards highest values when the curve is tighter and the velocity the largest one (increase of the contact forces). Moreover, the distribution is wider when the velocity increases.
The sensitivity indices concerning the maximal value of the fatigue index on the rail section are listed in Table 10 . The most important parameters are the horizontal curvature in the 1000 m radius curve and the gauge in the tighter curve, followed by superelevation. The most impacting components of the input of the metamodel are the wheel lateral position y followed by the yaw angle ψ and the vertical wheel-rail position z. As shown in Section 4.4, this lateral position is mostly influenced by the horizontal curvature (1000 m curve radius) and the gauge (450 m curve radius) irregularities. The same tendency is observed for the fatigue index. The sensitive index related to the superelevation is between 6% and 19% and tends to increase in the full vehicle test cases.
Life cycles
The relation between fatigue index and number of fatigue life, Eqn. (11), is non-linear monotonically decreasing function. Note that the statistics of this random variable are not finite since the number of cycles tends toward infinity when the fatigue criterion is smaller than 1. For this reason, in this paragraph, the conditioned random variable C (s i ) is considered for the computation of the statistics and the sensitivity indices. It is defined as:
The PDFs of the number of life cycles are shown in Fig. 13 and its mean value and coefficient of variation are shown in Table 11 . The PDF shifts towards lowest values when the curve is tighter and the velocity larger (increase of the contact forces). Moreover, the distribution is wider when the velocity increases. The sensitivity indices are shown in Table 11 . The standard deviation is smaller in the tight curve (contact position more stable) and becomes slightly larger when the train is empty. As for the fatigue index, the most influent parameters are the horizontal curvature (1000 m curve radius) and the gauge (450 m curve radius). The effect of superelevation Table 10 . Mean (µ), coefficient of variation (C V ) and 1st and 2nd order Sobol indices of the maximal value of the fatigue index on the rail section. Parameters whose indices are always smaller than 0.1 are not shown. is not negligible, but smaller than the irregularities in the horizontal track plane. As shown for the dynamical quantities of interest, at higher velocity, the rail-wheel relative position variations are slightly larger. Therefore, the contact patches locations variations are slightly more important and influenced by a combination of parameters. This means that the values of the 2nd (and higher orders) indices increase at the higher velocity. The 1st order indices are shown in Fig. 14 in box-plots obtained by bootstrapping. In that figure, on each box, the central mark indicates the median value of the index, the top and bottom edges of the box indicate the 75th and 25th percentiles, respectively and the whiskers extend to the most extreme values.
Conclusion
The steps to lead to a stochastic characterisation of the track geometry irregularities of a railway network are presented in this paper. A large set of experimental measurements is used to model the irregularities as random fields. The model is able to capture the statistical and the spatial variability of the irregularities on the considered track. A first sensitivity analysis concerning some dynamical quantities of interest is presented to highlight the effect of each random field representing the track irregularities. The superelevation irregularity is most influent for the quantities concerning the vertical vehicle dynamics: vertical position of the wheel and vertical contact force. The other quantities of interest are influenced by the horizontal curvature and the gauge, whose the importance increases in a tight curve. A stochastic model of the rail fatigue is then constructed by means of numerical simulations. A PCE metamodelling technique allows to reduce the number of expensive numerical simulations needed to build the random model. This rail fatigue model can be used to improve the railway network maintenance. Indeed, a sensitivity analysis study is performed by means of this model in order to identify which kind of irregularities affects the rail life. The coefficient of variation of the number of fatigue cycles varies between 0.13 and 0.28 in all the presented operating scenarios. In a wide curve, the most influent irregularities is the horizontal curvature, while, in a tight curve, the gauge becomes determinant. A similar result has been found in [20] where, using a different approach, it is shown that the impact horizontal curvature on the rail fatigue is strong in the wide curves and becomes weaker when the curve radius decreases. However, in all the operating scenario the rail fatigue life is affected by the irregularities concerning the horizontal geometry.
